Introduction
Let G be a finite p-group of order greater than p. One of the fundamental properties of finite p-groups, proved by Gaschütz [11] , is that G admits a noninner automorphism of p-power order. This means that |Aut (G) (5) Aut
if and only if G is one of the groups of order
and (6) (see Corollary 3.4).
Preliminaries
Our notation are standard and can be found in [13] . We use the following well-known facts in the proofs.
Fact 2.1 ([2, Lemma 2.1]).
Let G be a finite group and N be a normal subgroup
where . Suppose that α ∈ Aut(A) and β ∈ Aut(B) agree on A ∩ B. Then α and β admit a common extension γ ∈ Aut(X). In particular, if A has a noninner p-automorphism which fixes Z(A) elementwise, then X has a noninner p-automorphism of the same order which fixes Z(A) and B elementwise.
The following is a generalization of Gaschütz's theorem due to Schmid [18] (see [1] for some related results). (1) For all u, v ∈ G , there is an automorphism of G that maps a to au and b to bv; (2) G is nilpotent.
By a theorem of Burnside [4, Theorem, p . 241], a nonabelian group whose center is cyclic cannot be the derived group of a p-group. Thus the following fact is obvious. The following fact can be proved easily by induction.
Fact 2.6. Let G be a group of nilpotency class 3. Then for every positive integer n and x, y ∈ G, 
where
Proof of the Main Results
Let Aut Φ (G) and Aut Φ (G) denote the groups of automorphisms of G that fix We first consider the case of finite abelian p-groups.
Proof. Let G be an abelian group. First suppose that |Aut(G) :
Using the notation and result of Fact 2.8, we have
Therefore, either n = 1 or n = 2. Another application of Fact 2.8 shows that in the former case e 1 = 2 and in the latter e 1 = 1 = e 2 . The converse is obvious. We may also assume that α p ∈ Inn(A). Hence γ p ∈ Inn(G). Now we consider two cases. First, suppose that B is nonabelian. Similar to the latter argument, G has a noninner p-automorphism δ which fixes both Z(B) and A elementwise and δ p ∈ Inn(G). Thus in this case we have [γ, δ] = 1 and γ ∩ δ = 1. Next, suppose that B is abelian. Let M be a maximal subgroup of G which contains A. Also let g ∈ B\M and z ∈ Z(A) be an element of order p.
Thus z ∈ Z(M ) and it follows from Fact 2.1 that the map given by g → gz, can be extended to an automorphism, δ, of G of order p that fixes M elementwise. It is easy to check that δ is noninner.
Therefore in the both cases γ, δ Inn(G)/Inn(G) is elementary abelian of order p 2 and the result follows.
The following corollary is now straightforward.
Corollary 3.1. Let G be a finite nonabelian
p-group. If Z(G) ≤ Φ(G), then |Aut(G) : Inn(G)| p > p.
Lemma 3.2. Let G be a finite p-group such that |G| | |Aut(G)|. Then |Aut(G) : Inn(G)| p = p if and only if Z(G) is of order p and |Aut(G)| p = |G|.

Proof. If |G| | |Aut(G)|, then
|Z(G)| = |G|/|Inn(G)| ≤ |Aut(G) : Inn(G)| p .
This implies the result. 
Remark 3.2. If G is a p-group of maximal class, then Z(G) is of order
Proof. Let Φ(G) be noncyclic. Then by Fact 2.10, we have
, the result follows.
We turn now to the case of groups of order p 5 . Consider the following code in GAP [21] . 
For the sake of clarity, we break the proof into four steps.
Step 1. Let p be an odd prime and let G 1 be a group with the following power commutator presentation,
Then
Proof. To show the consistency of the above presentation, it suffices to check that for each of the following pairs of test words the collections of both words coincide (see [20, p. 424] ).
This checking is straightforward. For instance, by induction on l we have
Thus (c) holds in
Since the presentation is consistent and G 1 has the relative orders (p, p, p, p, p), the order of G 1 is p 5 and its nilpotency class is 3. By von Dyck's theorem, the
defines an automorphism α ∈ IA(G 1 )\Inn(G 1 ) and it has order p. Moreover, the mapping This proves the claim.
Step 2. Let G be a group of order p 5 , p > 2, such that |Aut(G) : Inn(G)| p = p.
Then G is two-generated of nilpotency class 3, Z(G) is of order p and G is cyclic of order p 2 .
Proof. It follows from Theorems 3.1-3.3 that G is of nilpotency class 3. By Fact 2.5, G is metabelian. If |G | = p 3 then G is two-generated and we may choose a, b ∈ G such that G = a, b and G/G = aG × bG . Now it follows from 
